A surface in a smooth 4-manifold is called flexible if, for any diffeomorphism φ on the surface, there is a diffeomorphism on the 4-manifold whose restriction on the surface is φ and which is isotopic to the identity. We investigate a sufficient condition for a smooth 4-manifold M to include flexible knotted surfaces, and introduce a local operation in simply connected 4-manifolds for obtaining a flexible knotted surface from any knotted surface.
Introduction
There are deformations of embedded surfaces in 4-manifolds which induce isotopically nontrivial diffeomorphisms on surfaces. These deformations define extensions of isotopically non-trivial diffeomorphisms on surfaces. In [5] [6] [7] [8] 14] , extendability of diffeomorphisms on surfaces embedded in 4-manifolds is investigated. In [7] , it is shown that any orientation preserving diffeomorphism of some surfaces embedded in the complex projective plane is extendable. In this paper, we investigate embedded surfaces in some other smooth 4-manifolds, for which the same kind of phenomena happen. We set up a general formulation. Let M be a simply connected smooth 4-manifold. Let Σ g be the oriented closed surface of genus g, and N g the non-orientable closed surface of genus g. For non-orientable surfaces, the genus is defined as the number of projective planes in a connected sum decomposition. We embed a surface S into M, and the image of this embedding is denoted by K ; then the pair (M, K ) is called a knotted surface in M. If S = Σ g , this pair is called a Σ g -knot in M, and if S = N g , this pair is called an N g -knot in M. The group of orientation preserving diffeomorphisms on Σ g is denoted by Diff + (Σ g ), and the group of diffeomorphisms on N g is denoted by Diff(N g ). The mapping class group of Σ g is M g = π 0 (Diff + (Σ g )) and the mapping class group of N g is N g = π 0 (Diff(N g )).
For a Σ g -knot (M, S), we define
there is an orientation preserving diffeomorphism Φ on M such that [Φ| S ] = φ and Φ is isotopic to id M , and for N g -knot (M, N ), we define F(M, N ) = φ ∈ N g there is an orientation preserving diffeomorphism Φ on M such that [Φ| N ] = φ and Φ is isotopic to id M .
We note that F(M, S) is a subgroup of M g and F(M, N ) is a subgroup of N g . It is natural to ask when
For example, the non-singular plane curves of degree 3 and 4, and trivial Σ g -knots in CP 2 are flexible [7] . On the other hand, there is no flexible surface in S 4 (see Remark 3.2) . In this paper, we investigate a sufficient condition for a smooth 4-manifold M to include flexible knotted surfaces (Section 3), and introduce a local operation called stabilization to obtain a flexible knotted surface from any knotted surface (Section 4).
Preliminary: A Hopf band on the boundary of the 4-ball
In this section, we review a proposition from [7] frequently used in this paper. For the convenience of readers, we will prove this result.
A link L in S 3 is called a fiber link if there is a map φ : S 3 \ L → S 1 which is a fiber bundle projection. For t ∈ S 1 , φ −1 (t) = F, which does not depend on t, is called the fiber of L. Since φ is a bundle projection, S 3 \ L is diffeomorphic to the quotient of F × [0, 1] by an equivalence (x, 0) ∼ (h(x), 1) where h is a diffeomorphism over F and called the monodromy of L.
A Hopf band is an annulus embedded in S 3 as in Fig. 1 . In this picture, there are two types of Hopf bands. In this note, we treat both types of Hopf bands. The boundary of a Hopf band is called a Hopf link. The Hopf link is a fibered link whose fiber is the Hopf band and whose monodromy is a Dehn twist about the core circle of the Hopf band. Let B be a Hopf band in S 3 = ∂ D 4 . We push the interior of B into the interior of D 4 and let B be the annulus obtained by this deformation and let c be the core circle of B . Proof. Since ∂ B is a fiber link, whose fiber is B and whose monodromy is T c , there is an orientation preserving diffeomorphism ψ of S 3 such that ψ| B = T c , and there is an isotopy ψ t (t ∈ [0, 1]) with ψ 0 = id S 3 and ψ 1 = ψ, which is defined by shifting fibers. Let N (∂ D 4 ) be the regular neighborhood of
. Let T be a diffeomorphism defined as follows:
This is the diffeomorphism which we need.
Existence theorem
In this section, we will show the following theorem.
×S 2 , S 2× S 2 , or the elliptic surface E(n), then there are flexible Σ g -knots for any g ≥ 0 and a flexible N g -knot for any g ≥ 1 in M.
which is a Poincaré dual of the second Stiefel-Whitney class of M (in other words, K · X ≡ X · X mod 2 for any
By the theorem of Rokhlin [16] (see also [3, 13] ), for any Proof. Since M 0 = {1}, the existence of flexible Σ 0 -knots is trivial.
We construct a Σ g -knot (M, S) for g ≥ 1. Let H g be a three-dimensional handlebody of genus g, which is an orientable 3-manifold constructed from a 3-ball with attaching g 1-handles. We embed H g into ∂(M \ int D 4 ) standardly, that is to say, the closure of its complement ∂(M \ int D 4 ) \ H g is also homeomorphic to a three-dimensional handlebody of genus g. We take a point p on the boundary of the embedded H g and a regular neighborhood of p, which is a 3-ball B 3 in ∂(M \ int D 4 ). We attach a band with one full-twist to the surface ∂ H g \ int B 3 in ∂(M \ int D 4 ) as shown in Fig. 2 and, as a result, we get a surface S in ∂(M \ int D 4 ). We remark that its boundary ∂ S is a Hopf link. By the assumption on M, there are disks
We show that (M, S) is flexible. Lickorish [11] showed that Dehn twists about circles in Proof. Since N 1 = {1}, the existence of flexible N 1 -knots is trivial.
We construct an N g -knot (M, N ) for g ≥ 2.
First, we consider the case where g = 2k (k ≥ 1). We parametrize the regular neighborhood of
We embed a three-dimensional handlebody
We take three distinct points p 0 , p 1 , p 2 on the boundary of the embedded H k−1 and, in S 3 × { 1 2 }, take disjoint regular neighborhoods B 0 , B 1 and B 2 of p 0 , p 1 and
has three boundary components 
We attach a one-full-twist band to ∂ 0 N , and attach a half-twist band to each one of ∂ 1 N and ∂ 2 N as shown in Fig. 5 ; then we get a surface N in S 3 × { We review some known results on generators of N g (see [1, 2, 10, 12] ; for a brief history, see [9] ) for the case where g = 2k. Let us define the Y -homeomorphisms of non-orientable surfaces. We consider a Möbius band Mb with one hole, and attach a Möbius band Mb to Mb along the boundary of this hole. Then we get a Klein bottle K with one hole. By moving Mb once along the core of Mb we get a homeomorphism of K fixing the boundary of K . If we embed K in N , we can extend this homeomorphism, by the identity on N \ K , to a homeomorphism of N . This homeomorphism is called a Y -homeomorphism about K .
As indicated in Fig. 6, we define circles a 1 , . . . , a k−1 , b 1 , . . . , b k , c 1 , . . . , c k−1 , and embed a Klein bottle K with one hole as the shaded part. Chillingworth [2] showed that We show that Y ∈ F(M, N ). There is an isotopy φ t (t ∈ [0, 1]) of S 3 bringing B 2 along the core of the shaded Möbius band in Fig. 6 , such that φ 0 = id S 3 and φ 1 | N = Y . We define a diffeomorphism Φ on M by
Then Φ| N = Y and Φ is isotopic to the identity of M. Therefore, (M, N ) is flexible. Next, we treat the case where g = 2k − 1 (k ≥ 2). We embed
, and ∂ i N = ∂(B i ∩ ∂ H k−1 ) (i = 0, 1) as in the previous case. We attach a one-full-twist band to ∂ 0 N , and attach a half-twist band to ∂ 1 N , as shown in Fig. 7 ; then we get a surface N in S 3 × { 1 2 }. By the same method as in the previous case, we construct a surface N in M.
For the case where g = 2k − 1 (k ≥ 2), we review some known results on generators of N g (for details, see the same references as in the case where g = 2k).
As indicated in Fig. 8 , we define circles a 1 , . . . , a k−1 , b 1 , . . . , b k−1 , c 1 , . . . , c k−2 , and embed a Klein bottle K with one hole as the shaded part. Chillingworth [2] showed that
generate N g , where we use the same symbol as in the case where g = 2k.
The same argument as in the proof of Theorem 3.3 shows that T a 1 , . . . ,
. . , T c k−2 are the elements of F(M, N ).
We show that Y ∈ F(M, N ). In Fig. 9 , K , the support of Y , is indicated by shaded parts. We deform the right of Fig. 8 into (1) of Fig. 9 . We deform the circle, on which the twisted band is attached, larger, then we obtain (2) of Fig. 9 . We slide handles as indicated in (2) Let M be a simply connected smooth 4-manifold which is constructed from a 4-ball B 4 by attaching only 2-handles and a 4-handle. The way of attaching 2-handles is described by a framed link in ∂ B 4 , which is called a Kirby diagram of M. As a corollary of Theorem 3.3 and 3.4, we can see p. 305, figure 8.15(c) ). We remark that, in each Kirby diagram, there is a Hopf link or a framing 1-trivial knot. Therefore, Theorem 3.1 follows from the corollary above.
Stabilization theorem
Let (M, K ) be a knotted surface in a simply connected smooth 4-manifold M. Let p be a point in
is called a stabilization of (M, S).
Orientable case
For the stabilization of orientable knotted surfaces, we show the following theorem.
Theorem 4.1. For any Σ g -knot (M, S) in a simply connected smooth 4-manifold M, its stabilization Lemma 4.2. Let (M, F) be a Σ g -knot in an orientable smooth 4-manifold M, and c a simple closed curve in F. We assume that there is a 2-sphere S 2 in M, which transversely intersects F at one point, has a trivial normal bundle, and whose exterior in M is simply connected. Then, for any integer n, there is a 2-disk D 2 embedded in M, which satisfies 
satisfies the same condition as D and the number of intersections of this with F is less than that of D with F. We can perform the same method for other intersections. As a result, we get a 2-disk D 2 , which satisfies
Since S 2 has a trivial normal bundle,Õ(D 2 ) = n. Proof of Theorem 4.1. Let c be an any simple closed curve on S#S 2 × { p}. Since S#S 2 × { p} and { p} × S 2 intersect at one point, and M#S 2 × S 2 \ { p} × S 2 is simply connected, we can apply the above lemma. Hence, there is a 2-disk D 2 embedded in M#S 2 × S 2 , which satisfies N ) be an N g -knot in an orientable smooth 4-manifold M. We assume that there is a 2-sphere S 2 in M, which transversely intersects F at one point, has a trivial normal bundle, and whose exterior in M is simply connected.
(1) Let c be a simple closed curve in N whose regular neighborhood in N is a Möbius band. Then, for any integer n, there is a 2-disk D 2 embedded in M, which satisfies
(2) Let c be a simple closed curve in N whose regular neighborhood in N is an annulus. Then, for any integer n, there is a 2-disk D 2 embedded in M, which satisfies
Let S 3 be the equator of S 4 , and we parametrize the regular neighborhood of this S 3 by
is a Möbius band as in the left of Fig. 11 , RP 2 ∩ S 3 × {t}, for 0 < t < 1, is a loop as in the middle of Fig. 11 , and RP 2 ∩ S 3 × {1} is a disk as in the right of Fig. 11 . An N g -knot (S 4 , N g ) is trivial if (S 4 , N g ) is a connected sum of g trivial RP 2 -knots in S 4 . Proof. The surface N g is constructed from S 2 \ (disjoint g 2-disks) by attaching g Möbius bands. We apply Lemma 4.3 to the cores of these Möbius bands; then we get the conclusion. 
